Entanglement is a counterintuitive feature of quantum physics that is at the heart of quantum technology. High-dimensional quantum states offer unique advantages in various quantum information tasks. Integrated photonic chips have recently emerged as a leading platform for the generation, manipulation and detection of entangled photons. Here, we report a silicon photonic chip that uses novel interferometric resonance-enhanced photon-pair sources, spectral demultiplexers and high-dimensional reconfigurable circuitries to generate, manipulate and analyse path-entangled three-dimensional qutrit states. By minimizing on-chip electrical and thermal cross-talk, we obtain high-quality quantum interference with visibilities above 96.5% and a maximumly entangled qutrit state with a fidelity of 95.5%. We further explore the fundamental properties of entangled qutrits to test quantum nonlocality and contextuality, and to implement quantum simulations of graphs and high-precision optical phase measurements. Our work paves the path for the development of multiphoton high-dimensional quantum technologies.
Introduction
Entanglement is an central resource for quantum-enhanced technology, including quantum computation [1] , communication [2] and metrology [3] . To demonstrate the advantage of quantum systems, it is necessary to generate, manipulate and detect entangled states. Quantum states span the Hilbert space with a dimensionality of d n , where d is the dimensionality of a single particle and n is the number of particles in the entangled states. Most of the widely-used quantum information processing protocols are based on qubits, a quantum system with d=2. Recently, higher-dimensional entangled states (qudits, d>2) have gained substantial interest, owing to their distinguishing properties. For example, qudits provide larger channel capacity and better noise tolerance in quantum communication [4] [5] [6] [7] , as well as higher efficiency and flexibility in quantum computing [1, 8] and simulations [10] . From the fundamental point of view, qudits also provide stronger violations of Bell inequalities [11] , lower bounds for closing the fair-sampling loopholes in Bell tests [12] and possibilities to test contextuality [13] .
High-dimensional entangled photons have been realized in various degrees of freedom (DOFs), including orbital angular momentum (OAM) [11, 14] , frequency [15, 16] , path [17, 18] , temporal [19, 20] and hybrid time-frequency modes [21] . In particular, path-entangled photon pairs have been studied with a view to quantum information processing, where they are particularly attractive due to their conceptual simplicity [22] . However, the generation of high-dimensional path-entangled photon pairs typically requires the simultaneous operation of several coherently pumped indistinguishable photon-pair sources and several multi-path interferometers with high phase stability [23] . As the dimensionality increases, the phase stabilization quickly becomes a daunting task in experiments based on bulk and fibre optical elements.
Integrated photonic circuits based on silicon offer dense component integration, high optical non-linearity and good phase stability, which are highly desirable properties for photonic quantum technology [24] [25] [26] [27] . Moreover, silicon photonic devices are routinely fabricated in complementary metal oxide semiconductor (CMOS) processes. Therefore, a new field called silicon quantum photonics has recently been developed and has emerged as a promising platform for large-scale quantum information processing [28] .
Silicon quantum photonic chip and experimental setup
In this work, we introduce a silicon photonic chip to generate, manipulate and characterize path-entangled qutrits (d=3). We have employed a scalable scheme for generating high-dimensional entangled states [23] . As shown in the conceptual scheme ( Fig.1 a) , entangled qutrits are generated by three coherently pumped non-degenerate spontaneous four wave mixing (SFWM) Silicon quantum photonic chip and schematic of the experimental setup. a, Conceptual scheme of the approach for generating and manipulating two entangled qutrits. Three non-degenerate photon-pair sources, S1, S2 and S3, are coherently pumped, and three dichroic mirrors, DM1, DM2 and DM3, separate signal and idler photons into two collective paths S and I, which consist of three individual (Ind) paths 1,3 and 5, and 2,4 and 6, respectively. Then two three-dimensional multiport interferometers (3D-MP) perform unitary transformations to the entangled qutrits. b, Diagram of a dual Mach-Zehnder interferometer micro-ring (DMZI-R) photon-pair source. This source has four ports: input, throughput, add and drop. Pump photons are sent into the input port and critically couple into the ring resonator, where signal and idler photons are generated. By adjusting the phases of MZIs 1 and 2, we can reduce the photon leakage into the through port and increase the signal and idler photons coupling to the drop port. c, Two identical pump photons (1552.1 nm) generate one signal ( 1545.9 nm) and one idler (1558.3 nm) photons in non-degenerate spontaneous four wave mixing. d, Optical microscopy image of the DMZI-R photon-pair source. Thermo-optical phase shifters (PSs) are shown as thick black curves. e, Optical microscopy image of the whole entangled qutrit chip. Several important on-chip elements are labelled: 1. DMZI-R photon-pair source; 2. wavelength division multiplexer (WDM); 3. crossing; 4. multi-mode interferometer (MMI); 5. common ground of the electrical signals; 6. thermo-optic PS. f, Schematic of the complete experimental setup. A picosecond pump pulse is filtered, polarized and coupled into the chip via a bandpass filter, a polarization controller and a grating coupler, respectively. A photon pair is created in a superposition between three coherently pumped DMZI-R sources (S1-3 photon-pair sources, in which two pump photons generate one signal photon and one idler photons with different wavelengths ( Fig.1 b and c) . The signal and idler photons are separated by dichroic mirrors (DM) and then sent through reconfigurable linear optical circuits for implementing arbitrary 3-D unitary operations via three-dimensional multiports (3D-MPs). Finally, we verify and harness the qutrit entanglement by detecting single photons at the outputs.
To obtain an efficient photon-pair source, we use a dual Mach-Zehnder interferometer micro-ring (DMZI-R) photon-pair source [2, 30] . Such a DMZI-R photon-pair source is inspired by the design of a wavelength division multiplexer in classical optical communication [3] and could circumvent the trade-off between the utilization efficiency of the pump photon and the extraction efficiency of the signal and idler photon pairs from a ring resonator [32] . The DMZI-R photon pair source was first demonstrated in Ref [2] , where enhanced coincidence efficiency of a single source was shown. The working principle of the DMZI-R photon source is as follows: by wrapping two pulley waveguides around a ring resonator, one can construct a four-port device, as shown in Fig. 1b . We couple each waveguide at two points to the resonator, using four directional couplers. By adjusting the relative phases of two waveguides to the resonator, we can tune the coupling between waveguides to the resonator at the pump, signal and idler wavelengths independently. In the ideal case, we would like to have the pump circulate in the ring resonator to generate photon pairs, and therefore, the critical coupling condition for the pump is preferred. On the other hand, we want to extract the signal and idler photons from the resonator as soon as they are generated to minimize the propagation loss of photon pairs in the resonator. As a consequence, it is desirable to over-couple the waveguide to the resonator at the wavelengths of signal and idler photons. These two requirements can be fulfilled simultaneously by setting the free spectral range (FSR) of the MZIs to be twice that of the ring, such that every second resonance of the ring is effectively suppressed. By doing so, we can achieve the desired distinct coupling conditions for the pump, signal and idler photons and maximally utilize the pump to efficiently extract photon pairs. The ring has a radius of 15 µm and a coupling gap of 250 µm (200 µm) at the input (output) side. The length difference of the unbalanced MZI1 (MZI2) is 47.8 µm (48 µm). Optical microscopy images of the DMZI-R photon-pair source and the whole entangled qutrit chip are shown in Fig. 1d and e, respectively. Note that the sizes of the gaps of critical and over-critical couplings depend on the propagating loss of the photons in the ring. One should be able to obtain a higher count rate by optimizing the gap size [2] (see Supplementary Information for a theoretical analysis and a detailed characterization of the DMZI-R photon source).
Following the DMZI-R photon pair source, we use an asymmetric MZI (AMZI) as an on-chip wavelength division multiplexer (WDM) to separate the non-degenerate signal and idler photons. As shown in Fig. 1f , we repeat this combination of DMZI-R source and WDM three times, and excite these sources coherently. When the generation rate is the same for all three sources and the relative phases of the pump are all zero, we generate a maximally entangled state of two qutrits: |Ψ = 1 √ 3 (|00 +|11 +|22 ). Note that |0 , |1 and |2 are the individual path states of single photons.
Each qutrit can be locally manipulated by a 3D-MP [22] , which is composed of thermo-optic phase shifters (PSs) and multimode interferometers (MMIs). In particular, one of the essential components, formed by a single PS and a tunable beam splitter, is realized with an MZI, consisting of two balanced MMIs and a PS.These components are used to realize R z (ϕ z ) and R y (θ y ) rotations, and thus to obtain an arbitrary SU(2) operation in the two-dimensional subspace. Note that our experimental configuration is also closely related to a recent proposal on generating OAM entanglement by path identity [33] . The collective paths and individual paths in our work correspond to the path and OAM in Ref. [34] . After manipulating and characterizing the entangled qutrits with two 3D-MPs, both the signal and idler photons are coupled out from the chip, filtered to suppress residual pumping with off-chip filters, and detected with superconducting nanowire single-photon detectors (SSPD). The singlephoton detection events are recorded with a field-programmable gate array (FPGA)-based time-tag unit. Then both single counts and coincidence counts CC ij between path i (i=1,3,5) and path j (j=2,4,6) are extracted from these timetag records (see Supplementary Information for further experimental details).
Experimental results: From qubit entanglement to qutrit entanglement
To generate three-dimensional (3D) path-entangled photons, it is necessary to ensure that all three coherently pumped photonpair sources are identical. This means that the emitted photon pairs from different sources should be the same in all DOFs, including polarization, spatial mode, count rate and frequency. For our chip-based system, we use single-mode waveguides, which automatically give us the same polarization states and spatial modes of photons from different sources. However, the count rate and frequency of the photons are not necessarily identical for different sources. To eliminate the count rate distinguishability, we can tune the pump power of the individual source. The last DOF is the frequency. In non-resonant broad band (∼nm to tens of nm) photon-pair sources, such as silicon nanowires, one can use off-chip narrow-band filtering to post-select identical spectra of different photons [1, 18] , which unavoidably reduces the count rate. In the resonant sources, such as our DMZI-R source, we can actively tune the resonance wavelengths of each individual source with PSs. In doing so, we obtain identical photons without sacrificing the photon count rate, which is particularly important for multi-photon high-dimensional experiments. However, aligning the frequency of the narrow-band photons generated from resonance-enhanced sources is challenging within the submm foot-print of our chip. The reasons are follows: silicon has a relatively high thermo-optic coefficient. On the one hand, this feature of silicon is desirable for realizing reconfigurable photonic circuits by using thermo-optic PSs with low power two paths, the state that evolves under a phase shift in one of the modes then displays phase doubling [36] . Note that the count rate of the path-correlation measurement is lower than that of the RHOM measurement, mainly because the design of the on-chip WDM is not optimal. Higher count rates of the correlation measurement can be achieved by optimizing the length difference between the two arms of the WDM.
Having estabished high-quality qubit entanglement, we proceed to characterize the qutrit entangled state with complete highdimensional quantum-state tomography (QST). We use a set of all possible combinations of Gell-Mann matrices and apply the corresponding settings to both 3D-MPs [37] . The QST method takes approximately 33 mins with a typical count rate ∼100Hz per setting. Figure 2g and h display the real and imaginary parts of the reconstructed density matrix of the state, respectively, showing good agreement between the maximally entangled and measured quantum states with a fidelity of 95.50%±0.17%. The maximum matrix element of the imaginary part is smaller than 0.015. From the reconstructed density matrix, we obtain an I-concurrence of 1.149±0.002 [38] . The uncertainties in state fidelities extracted from these density matrices are calculated using a Monte Carlo routine assuming Poissonian statistics.
Tests of quantum nonlocality and contextuality with entangled qutrits
To benchmark the high-quality qutrit entanglement and high-precision quantum control, we demonstrate experimental tests of quantum nonlocality and quantum contextuality. Violations of Bell inequalities based on local realistic theories provide evidence of quantum nonlocality. It has been demonstrated that, high-dimensional correlations compatible with local realism satisfy a generalized Bell-type inequality, the Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality, with I d 2 for all d 2 [39] . Expression I 3 is given by joint probabilities as
where P (A a =B b + k) with (a,b=1,2) and (k=0,1) represent the joint probabilities for the outcomes of A a that differ from B b by k. The measurement bases used to maximise the violation of Eq. (1) for the maximally entangled state |Ψ = 2 j=0 |j A |j B are defined as
where i = √ −1, α 1 = 0, α 2 = 1/2, β 1 = 1/4 and β 2 = −1/4, K and L ∈ {0, 1, 2} denote Alice's and Bob's measurement outcomes respectively, and |j denotes the computational basis. This measurement bases can be implemented by configuring PSs in the 3D-MPs. For instance, we set S z1 = 0.333π, S y1 =0.5π , S z2 =0.583π, S y2 =0.392π ,S z3 =0.779π and S y3 =0.5π to realize setting A 1 . The experimental results for the four base settings are shown in Table I . The classical bound is violated by 51.46σ (I 3 = 2.7307 ± 0.0142). Contextuality is a fundamental concept in quantum mechanics [13, [40] [41] [42] and an important resource for fault-tolerant universal quantum computation [43] . A single qutrit is the simplest quantum system showing the contradiction between noncontextual hidden-variable models and quantum mechanics [13] . However, the testability of the Kochen-Specker (KS) theorem is debated due to the finite precision in a single qutrit in practical experiments [44, 45] . An approach based on maximumly entangled qutrit pair has been proposed [46] , which was recently realized with bulk optics [47] .
The experimental setting is as follows. A pair of maximumly entangled qutrits are sent to two parties, Alice (A) and Bob (B). Alice performs projective measurements, either D A 1 or T A 0 , T A 1 , and Bob simultaneously performs measurement D B 0 , where D A 1 and D B 0 are dichotomic projectors with two possible outcomes, 0 or 1, and T A 0 and T A 1 are trichotomic projectors with three possible outcomes, a, b or c. These four projectors are defined as
The non-compatibility loophole contextuality inequality can be expressed as [46] :
where P (D A 1 = 1|D B 0 = 1) stands for the conditional probability of Alice obtaining result 1 for D A 1 when Bob also obtains
For our experiment, we need to reconfigure two 3D-MPs according to these projectors and measure the coincidence counts to reconstruct the conditional probabilities in Eq. (4). For example, |f can be projected to port 3 by setting S z1 = 0, S y1 =0.5π , S z2 =1.25π, S y2 =0.608π, S z3 = 0 and S y3 =π. We experimentally violate the non-contextuality inequality by 9.5 standard deviations (0.085 ± 0.009). The detailed experimental results are listed in Table II . The no-signalling conditions, confirming the compatibility assumption between the measurements of Alice and Bob, are checked, as shown in Table III . The results deviate slightly from 0 because of experimental imperfections. Result
Harnessing two-qutrit quantum correlations: quantum simulation of graphs and quantum metrology
High-order quantum correlations are unique properties of high-dimensional entangled quantum systems and are a central resource for quantum information processing. To probe the quantum correlations in the entangled qutrit system, we measure the coincidence counts between signal and idler photons under different MUBs by tuning both the phases of signal/idler and pump photons. We use here the quantum correlation between two entangled qutrits to demonstrate the quantum simulation of graphs and quantum metrology based on a quantum multi-path interferometer with third-order non-linearity. Quantum simulation of graphs: Graphs are mathematical structures for describing relations between objects and have been widely used in various areas, including physics, biology and information science. A graph typically consists of a set of vertices and edges connecting the vertices. A subset of the edges containing every vertex of the n-vertex graph exactly once is defined as a perfect matching of the graph. To find the number of perfect matchings of a graph is a problem that lies in the #P-complete complexity class [48] . To provide an algorithm to solve such a hard problem is highly desirable. Recent studies have shown that a carefully designed quantum optical experiment can be associated with an undirected graph [49] . In Particular, the number of coherently superimposed terms of the generated high-dimensional quantum state from a quantum optical experiment is exactly the number of perfect matchings in the corresponding graph. Each vertex stands for an optical path occupied by a single photon and every edge represents a photon pair source. This scheme can be viewed as a quantum simulation of graphs.
As the first step towards the quantum simulation of graphs, we use entangled qutrits to experimentally demonstrate the connection between graph theory and quantum optical experiments. Figure 3a shows a conceptual scheme of our realization. Each pair of photons generated from sources propagate along their paths, denoted by black arrows, and acquire additional mode shifts A two-fold coincidence in the experiment can be seen as a subset of edges containing each of the vertices only once, which is called a perfect matching in the graph. A coherent superposition of three perfect matchings leads therefore to the quantum state
The measured coincidence counts between the signal and idler photons on the computational basis, S1I1. Dashed empty bars are deduced results by balancing the loss for every port. c-e. The balanced normalized coincidence results for S2I2, S3I3 and S4I4. f, The experimental correlation coefficients are measured in all four MUBs (S1I1, S2I2, S3I3 and S4I4) for the entangled qutrits. Ideal results are shown with dashed empty bars. The uncertainties denote the standard deviations from the Poisson distribution for raw photon counts.
due to the mode converters between the sources. As mentioned above, the path and OAM in Ref. [49] are equivalent to the collective and the individual paths of our integrated quantum photonic circuit, as shown in Fig. 1a . Therefore, the mode converters can be implemented by routing the individual paths of the photon on our chip. By suitably setting up the 3D-MPs, we verify the resultant quantum state with coherent superimposed terms corresponding to the number of perfect matchings. We implement two experimental steps to realize this goal. First, we measure the coincidence counts between the signal and idler photons on the computational basis, S 1 I 1 . The experimental results are shown in Fig. 3b . It is clear that the major contributions are the 00, 11 and 22 terms. The second step is to verify the coherence between these three terms. For the entangled-qutrit pair system, each individual qutrit has four MUBs. Therefore, we have to measure the correlation coefficients in all four base combinations, i.e. S 1 I 1 , S 2 I 2 , S 3 I 3 and S 4 I 4 , where S k = I * k , with (k=1,2,3,4). These MUBs, up to normalization, are defined as S 1 = (1, 0, 0), (0, 1, 0), (0, 0, 1),
where ω = e i 2π 3 and * stands for the complex conjugation. The normalized coincidence counts of S 2 I 2 , S 3 I 3 and S 4 I 4 are shown in Fig. 3c, d and e, respectively, by balancing the loss for every port. The experimental correlation coefficients derived from the coincidence counts in the four MUB combination are shown in Fig. 3f . For an ideal maximum entangled-qutrit pair, the correlation coefficients should be unity. Due to the experimental imperfections, we obtain the correlation coefficients with the values of 98.17%±0.11%, 87.61%±0.27%, 91.32%±0.24% and 89.01± 0.27%, which shows correlations in all MUBs. 3 (e i2P z1 |00 + e i2P z2 |11 + |22 ). a-c correspond to coincidence detection combinations of detectors (1,2) (1,4) and (1, 6) , respectively, with two relative pump phases P z1 and P z2 scanned. The normalized measured coincidences (Norm. C. C) (red dots) and simulated results without any free parameters (lines and surfaces) are shown. The data display excellent agreement with the theoretical predictions. d. Diagonal cuts through the three-dimensional plots by setting P z1 = −P z2 in a-c reveal the typical structure of the three-path interferometer with a sensitivity of 1.476±0.048, exceeding both classical three-path linear interferometer and quantum second-order nonlinear limits. The red, pink and blue points represent the experimental data extracted from a-c and are identified as white lines respectively. The curves show the theoretical results.
Quantum Metrology with entangled qutrits: Accurate phase measurements are at the heart of metrological science. One figure-of-merit for evaluating the accuracy of phase measurement is sensitivity, S, which is defined as the derivative of the output photon number with respect to a phase change S ∝ 1/N . In the experimental setting of classical interferometers, it is well known that increasing the number of paths of the interferometer can enhance the sensitivity [50] . On the other hand, in the field of quantum metrology, one can further enhance the sensitivity by using entanglement [3] . We combine here both traits from classical and quantum systems and employ a three-dimension-entanglement third-order-nonlinearity interferometer to demonstrate the enhanced phase sensitivity compared to the classical three-path [51] and quantum second-order-nonlinearity interferometers [17] . We send the entangled qutrit state |Ψ = 1 √ 3 (e i2P z1 |00 + e i2P z2 |11 + |22 into two separate 3D-MPs. We then scan the relative pump phases P z1 and P z2 and measure the coincidence between two qutrits (outputs 1,3,5 and 2,4,6). In total, there are nine different coincidence combinations. We quantify the qutrit-qutrit correlations as functions of phase settings of P z1, P z2. The normalized coincidences along with the theoretical results are shown in Fig. 4a-c . It is easily understood that the phase dependence is different between the second and third-order non-linear interactions [52] . In the generation of entangled photon pairs, two pump photons are involved in the third-order processes providing a double phase compared to the second-order processes with the participation of only one pump photon. The measurements confirm this difference. Specifically, if the phases are chosen such that P z1 = −P z2, the intensity varies from maximum to minimum as the pump phase is changed. This phase setting also gives the maximal sensitivity S. The raw data are extracted from the measured results and fitted with theoretical curves as shown in Fig. 4d . The averaged phase sensitivity S = 1 CC abmax | dCC ab dϕ | is 1.476 ± 0.048 rad −1 , more than the theoretical ideal value of 0.5 rad −1 for the two-path interferometer and 0.78 rad −1 for the ideal three-path interferometer. The reason for the increased sensitivity is that the doubled phase sensitivity of the SFWM process and the side lobes appears between the two main peaks in three-path interference patterns, which enhance the steepness of the peaks of the correlations.
Conclusion and outlook
We have integrated three resonance-enhanced photon-pair sources embedded in interferometers, three WDMs and two 3D-MPs on a single monolithic silicon chip. We made all three sources identical without using frequency post-selection and observe high-visibility quantum interference, which allowed us to prepare, manipulate and analyse the high-quality path-entangled qutrit state. We violated the CGLMP inequality to confirm quantum nonlocality and the KS inequality to confirm contextuality with the entangled qutrits, verifying fundamental properties of quantum theory. Furthermore, we used two-qutrit quantum correlations to simulate graphs and identifies the numbers of perfect matching for a small-scale graph. Finally, by using our chip for 3D entanglement, a third-order non-linearity interferometer, we improved the phase sensitivity by a factor of 2 compared to a classical three-path interferometer.
Our demonstration of finding the number of the perfect matchings of the graph could be further extended to multi-photon and higher-dimension experiments, which might be suitable to demonstrate the quantum advantage in the near or mid term. To reach this regime, one needs to develop high-brightness multi-photon sources. The source presented in this work is a promising candidate for such a source. Combined with an efficient on-chip single-photon detector [53] , our entangled-qutrit chip should be a solid basis for future photonic quantum devices and systems for quantum information processing. A schematic of the experimental setup is shown in Fig. S1 . The components used in the experiment are all commonly used components for C-band wavelengths. Photon pairs are generated by coupling the pump light into the resonator using spontaneous four wave mixing (SFWM). Then the asymmetric Mach-Zehnder interferometer (AMZI) with a length difference of 47µm is used as an on-chip wavelength division multiplexer (WDM) to split the signal and idler photons into two multi-port interferometers. In our case, the free spectral range (FSR) is approximately 12 nm, which introduces a 3 dB filtering loss for both the signal and idler photons when they are divided into the two output ports of the AMZI in the path correlation measurements. In the time-reversed Hong-Ou-Mandel (RHOM) measurements, we do not use the WDM to separate the signal and idler photons. Therefore, the RHOM interference counts (interference on one side) are approximately four times larger than the correlation counts in the main text. After a local reconfigurable manipulation, the photons are coupled out of the chip for detection. The chip is mounted on a stage and wire-bonded on a printed circuit board (PCB) for electrical contact.
The device is a silicon-on-insulator (SOI) chip fabricated using 248 nm deep-UV lithography at the advanced micro foundry (AMF) with 220 nm top thickness on 2 µm buried oxide. The waveguides are 500 nm wide and covered with a 2.8 µm silicon dioxide upper cladding. Resistive heaters are patterned as thermo-optic phase shifters (PSs) on a 120 nm thick TiN metal layer and placed 2 µm above the waveguide layer. To change the phase, we change the current propagating through the TiN metal layer to heat the waveguide and then change the refractive index. Multi-mode interferometers (MMIs) are used as beam-splitters with near 50 : 50 splitting ratio in the on-chip WDM and MZIs (see Fig. 1 of the main text) .
The photon pair generation source is designed with two pulley-type waveguides wrapped around the ring, essentially establishing two unbalanced MZIs. The ring has a radius of 15 µm and a coupling gap of 250 µm (200 µm) at the input (output) side. The length difference of the unbalanced MZI1 (MZI2) is 47.8 µm (48 µm) and its sinusoidal spectrum determines the wavelength of the constructive and destructive interference. Fig. S2 shows the pump resonance transmission spectra of source1 (S1), source2 (S2) and source3 (S3) with full widths at half maximum of 44 pm, 50 pm and 53 pm. The resonance splitting of S2 and S3 are due to surface-roughness-induced backscattering [5] .
To pump the sources, laser pulses are produced by a tunable picosecond fibre laser at 1552.02 nm (pulse duration of 7.8 ps, repetition rate of 60.2 M Hz, and average power of -0.8 dBm). Before coupling the pump pulse into the chip, the unwanted amplified spontaneous emission (ASE) noise of the pump is filtered by a WDM (extinction ratio of40 dB and a bandwidth of 1.2 nm) and the polarization of the pump is optimized for maximum fibre-to-chip coupling by a polarization controller (PC). A 32-channel V groove fibre array with a spacing of 127 µm and polishing angle of 10 0 is used to couple the light via transverse electric (TE) grating couplers into the chip. The FSR of the source is approximately 6.2 nm. Entangled photons emerging from the chip are filtered by off-chip single-channel WDMs to remove the residual pump and are finally detected by six superconducting nanowire single photon detectors (SSPD) with 80% detection efficiency, 100 Hz dark count rates, a 50 ns dead time and a 100 ps timing jitter. The losses for the photons in the path entanglement measurement add up to 18.73 dB 19.13 dB, which can be decomposed as follows: the total fibre-chip-fibre loss is 15.56 dB (measured by launching non-resonance light of 1 mW and collecting the output power at the through port of the source), the insertion losses over the full band of the off-chip WDMs are 2-2.4 dB, and the detection losses are 0.97 dB. The detector electrical signals are collected by a field-programmable gate array (FPGA)-based timetag device. All the heaters are independently controlled by a programmable current source with a range of 0-20 mA and 16-bit resolution.
II. Crosstalk
Mitigating the electrical and thermal crosstalk within hundreds of micrometres is one of the main challenges in our experiment. The relative distances between each component are shown in Fig. S3a . To reduce the number of electrical pads, we designed all the heaters to have a common ground. However, the resistance between the common ground and true ground is not necessarily zero due to the electrical crosstalk. There are several ways to effectively avoid this effect such as a pre-processing method [6] , a passive compensation method [7] , a negative feedback scheme [8] , equipping each heater with two separate pads (one for the signal and one for the ground) and using current output equipment [1] . We tried to use negative feedback to minimize the electrical crosstalk effect. However, as the number of heaters working simultaneously increases, it becomes increasingly difficult to optimize the feedback system to the precision. As shown in Fig. S3b , we measure the pump transmission spectrum of source 1 (S1) from the input port to the through port of the resonator with and without applying voltages to the other heaters. We choose two heaters (I z2 and S z3 ) with approximately equal resistances. When the voltage (4.303 V ) is applied to I z2 or S z3 , a common ground voltage (V G ) arises due to the resulting current passing through the contact resistance between the on-chip gold pad and wire-bonded contacts. The effective voltages (heating power) applied to the source are then reduced, resulting in a smaller effective refractive index (n ef f ) change of the waveguide. The change in n ef f as a function of temperature can be expressed as dn dT ∆T , where dn dT is the thermo-optic coefficient and ∆T is the change in temperature. The thermal-optic coefficient of silicon at 300 K near 1550 nm is 1.86×10 −4 K −1 [9] . Optical resonances in a resonator require that the optical length (n ef f L, where L is the round-trip length) is a multiple of the wavelength of the light. Hence, the reduction in n ef f leads to the blueshift of the resonance wavelength. In Fig. S3b , the resonance wavelength blueshifts 15 pm when the voltage is applied to I z2 or S z3 . The two approximately equal resistances with the same applied voltages provide similar electrical crosstalk, so the blue and green curves in Fig. S3b overlap well. We finally chose to use the current source, which is suitable for our experiment.
The thermal crosstalk originating from the heat transfer between the thermos-optical PSs also plays an important role. When we adjust the PSs of the WDMs and the multi-port interferometers, the thermal crosstalk poses a significant challenge for the spectral alignment of different sources due to the narrow resonance linewidths of our resonator-based sources. To overcome this challenge, we optimize the heat sink of the chip carrier and the design of the chip. We quantify the thermal crosstalk with and without (W.O.) heating the PSs with different distances to the source. The heating power is set to 20 mW . Fig. S3c shows that when the distance between the heater and the resonator decreases, there will be an obvious redshift due to the thermal crosstalk. As can be seen from the figure, the resonance of S1 shifts approximately 5 pm when the heater is positioned at a distance of 500 µm from S1, while for a distance of 1200 µm, there is little influence due to the thermal crosstalk. In our design, we distanced the PS that needs to be adjusted and the nearest source and achieved a desired isolation level. From the interference fringes shown in Fig. 2 in the main text, we note that the heat diffusion from the PSs has little effect on the sources within a power change of 0∼42 mW (2π phase).
III. Theoretical analysis and experimental characterization of the dual Mach-Zehnder interferometer micro-ring (DMZI-R) source on a chip
We employ a quadruple-coupler ring resonator with the scheme presented in Fig. S4a , which is realized by wrapping two pulley waveguides around the input and output sides of the ring [2] . This configuration essentially establishes two unbalanced MZIs, MZI1 and MZI2, out of the waveguides and the ring. AMZI1 (AMZI2) consists of two directional couplers with coupling ratios of k1 and k2 (k3 and k4) and two arms with lengths of l1 and l3 (l2 and l5). For our chip, we set k1 = k2 and k3 = k4.
The radius of the ring is r, while the lengths l4 and l6 are from coupler to coupler. We suppose that the directional couplers have zero length and a wavelength-independent coupling ratio within the wavelength range of interest. If the waveguide lengths are properly chosen, the FSR of the MZIs can be twice that of the ring.
The transmission spectrum of the resonator can be analysed by using a combination of transfer matrices [3] . As shown in Fig.S4a , the resonators can be divided into two kinds of four-port blocks and two transmission waveguides, labelled as sections I, II and III. For each section, two basic units, the directional coupler and the transmission waveguides, can be expressed in matrix form, relating the input (E in1 , E in2 ) and output (E out1 , E out2 ):
For the directional coupler with a coupling ratio of κ, the transfer matrix is given as
where i= √ −1, t = √ 1 − κ 2 and γ is the amplitude transmission coefficient of the coupler. For transmission waveguides with lengths of l1 and l3, we can define the transfer matrix as
where α is the waveguide transmission loss coefficient and β is the propagation constant. Hence, we derive the transfer matrix H C1 for the cascaded components in section I as
which gives
The same formulas can be used to derive the transfer matrix for section III, which relates the two input-output pairs (E a ,E 3 ) and (E d , E 4 )
where
The cascade of two-pair systems, section I and section III, involves recirculating light; it is feasible to use a chain matrix G to combine the input-output pairs as
and
where the elements of G can be derived from the transfer matrix H by the following conversion formulas [10]
Moreover, the relation between (E 3 ,E 4 ) and (E 2 ,E 1 ) in section II is only related to the transmission lengths l 4 and l 6 ,
Substituting Eqs. (14)- (16) in Eq. (13), one can relate the mixed input-output pairs (E i , E t ) and (E d , E a ) as
Finally, the transfer matrix H T from the input pair (E i , E a ) to the output pair (E d , E t ) can be determined from the elements of the chain matrix G T by using the following formulas:
By considering E a =0, the transmittance characteristics can be obtained as
where ϕ i = e −αli e iθi , with θ i = βl i (i=1,2,3,4,5,6). It can be seen from Eqs. (21) and (22) that the phase term ϕ i has a critical influence on the resonator transmission characteristics. Without loss of generality, we assume that the four phase terms for the ring are equal ( ϕ 3 = ϕ 4 = ϕ 5 = ϕ 6 = ϕ r = exp[−α2πr/4] · exp[iβ2πr/4]). There are four distinct closed loops within the resonator, and the imposed resonance conditions for the round-trip phase delays are
Theoretical calculations of the pump transmittance characteristic of the DMZI-R with 2α = 0.69 cm −1 and a radius of 15 µm are shown in Fig. S4 (b) versus the detuning phase φ 1 of AMZI1 for different detuning phases φ 2 of AMZI2, where φ 1 = θ 1 −θ r and φ 2 = θ 2 − θ r . The length difference of the AMZI1 (AMZI2) is 47.8 µm (48 µm), corresponding to the nominally designed parameters of our chip. The input (output) side directional coupler amplitude coupling ratio is set to 0.25 (0.2) in the absence of coupling loss (γ=1). It can be seen from this figure that the phase matching conditions rely on the interference pattern of the input and output MZIs. At the input side φ 1 = 2N π ensures that the pump laser couples into the resonator, while at the output side φ 2 = (2N + 1)π minimizes the pump leakage from the drop port and hence maintains the pump within the ring and isolates the ring from photons exiting via the drop port. The phase matching conditions for the generated photons (signal and idler) in the ring are exactly opposite.
The tunable relative phase between the different paths can be realized by the PSs in our device. By appropriately choosing the coupling ratio of the directional coupler and applying heaters to the device, one can effectively achieve critical coupling for the pump photon and over-coupling for both the signal and idler photons. Fig. S5 shows the transmission spectra of S1 from the add port to the drop port and from the input port to the through port before (a and b) and after (c and d) optimizing the heaters. From a comparison of Fig. S5a and Fig. S5c , we have enhanced the transmission from the add port to the drop port by tuning the phase of MZI2. Due to the complementary nature of the two-mode Transmission spectra from the add port to the drop port and input port to the through port: a. add port to the drop port without thermal tuning; b. input port to the through port without thermal tuning; c. add port to the drop port with thermal tuning and d. input port to the through port with thermal tuning. The insets show a schematic diagram of the measurement.
MZI, we can minimize the pump (indicated by "pump" in the figure) leakage from the ring into the drop port and hence maintain the pump within the ring for efficient SFWM. Moreover, at the wavelengths of the signal and idler photons (indicated with red and blue letters), the transmission increases; hence, the extraction efficiency of the correlated photon pair is also enhanced. On the other hand, from a comparison of Fig. S5b and Fig. S5d , by tuning the phase of MZI1, we reduce the transmission of the pump from the input port into the through port and hence maintain the pump within the ring for efficient SFWM. This design can greatly enhance the generation and extraction efficiency of the photon pairs simultaneously and reduce the amount of filtering needed for the pump. In addition, the design can also reduce the spurious SFWM pairs generated in the input waveguide if the coupler to the source is long and further improve the signal-to-noise ratio. According to the optimum heater configuration that exhibits the desired spectral dependence shown in Fig. S5 , we characterize the coincidence counts of S1 in detail. Fig. S6a shows the through-through (T-T) coincidence results upon performing a 2-D sweep of the current across the heaters above MZI1 and MZI2 for the on-resonance (black dots) and off-resonance (blue dots) cases, respectively. The average pump power is set to be 0.13 mW before coupling into the chip. We find that in the offresonance case, the coincidence counts of T-T do not change with the modulation currents. The high rate in the off-resonance case is a result of broadband SFWM in the input bus waveguide, which will be discussed in the following paragraphs. On resonance, the coincidence counts strongly depend on the settings of MZI1 and MZI2 mainly because some of the pump light is coupled into the ring, resulting in less photon pair generation in the straight waveguide. In addition, the T-T coincidence counts cannot be reduced to zero because the photon pairs generated in the input waveguide before the source will be completely outcoupled from the through port when MZI1 is tuned to only support the pump photon at the input side. The drop-drop (D-D) coincidence counts are shown in Fig. S6b . Off-resonance, D-D dose not show a coincidence count since the pump is not coupled into the ring. For the on-resonance case, as the scan current gradually approaches the optimal configurations, the coincidence counts constantly increase, which complements the on-resonance case of T-T compared to Ds-Ti and Ts-Di to deduce the coincidence efficiency [2] :
As shown in the inset, in the case of low pump power, the coincidence efficiency is 0.97; however, as the power increases, i.e., as the coincidence rate of Ds-Ti and Ts-Di increases, the efficiency gradually decreases, which results from the accidental rate as shown in Fig. S6d . All the peaks in the histogram of the Ds-Ti and Ts-Di coincidences are similar, while in the case of D-D, the accidental peaks are almost not visible compared to the main peak. The peaks with a time interval of 16 ns correspond to the simultaneous detection of photons from different pump pulses.
To illustrate the broadband SFWM in the bus waveguide, we measure the continuous emission spectra for the signal and idler photons with the currents set to the on-resonance conditions. In the experimental setup shown in Fig. S7a , a pulsed laser with an average power of 0.13 mW is first filtered by 200 GHz cascade dense WDM (DWDM) filters to remove the background noise and then is coupled into the chip. Photon pairs are generated from the chip through SFWM, and the photons coupling out from the chip are filtered by a multi-channel 100 GHz DWDM. Fig. S7c shows the single-count rates for different channels, with a maximum wavelength interval from the pump of approximately 8.5 nm. The rates without filtering loss are inferred based on the independently measured insertion losses for each channel shown in Fig. S7b . The differences in the single-count rates mainly arise from the Raman scattering of the signal and idler channels. The coincidence rates of the channel pairs are recorded and shown in Fig.S7d . It is clear that the spectrum of the SFWM in the input waveguide is substantially wider than that of the resonance-matched DMZI-R.
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FIG. 12: Path correlations results for S1 and S3 and S2 and S3 as one source resonance is swept over the other. Two-qubit correlation curves (a/d), changes in the two-qubit path interference visibilities (b/e) and phase variations between the different interference curves (c/f) are measured as S3 is scanned over S1/S2 with a step of 0.1 mW. The error bars are calculated by a Poissonian distribution. The red dots are the measured data, and the curves are drawn to guide the eye.
IV. Optimization of two-qubit entanglement
Figs. S8a to c show the two-qubit correlation curves with variations in the interference fringes, i.e., visibilities (b), and phase variations (c) between the different interference curves as a function of the S3-to-S1 detuning. Figs. S8d to f show the corresponding results of the S3-to-S2 detuning. To maintain the matching conditions between MZI1, MZI2 and the ring, we simultaneously change the three heaters on the scanned source with a step of 0.1 mW . It is clear that when the sources are largely detuned, no obvious interference occurs. As the spectra of the sources gradually match, clear interference patterns can be observed. In c and f, the phase variations between the different interference curves are almost linear with approximately the same dependence on the source scanning power, approximately 10π 3 /mW . Therefore, if there is non-negligible thermal or electrical crosstalk mismatching the spectra of the sources, the initial phase of the interference curves will change.
In Fig. S9 , the fringes, visibilities and phase variations between the different path correlation curves for S1 and S3 (a-c) and
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FIG. 13: Path correlations for S1 and S3 (a-c) and S2 and S3 (d-f), obtained for different current conditions (with a 1 mW step) applied to Py1 and Py2, used as a pump power splitter to balance the generation rate between the measured sources. The interference fringes (a,d), visibilities (b,e) and changes in the initial phase between the different interference curves (c,f) are shown for different pump power splitting ratios. The error bars are calculated by a Poissonian distribution. The points represent the experimental data, and the curves are fitted to guide the eye. S2 and S3 (d-f) are plotted for different pump power splittings between the sources while setting the sources detuning power to 0. The step of the heating power applied to P y1 or P y2 is 1 mW , and the phase change is approximately 0.048π. As can be seen from a and d, the interference curves exhibit a significant dependence on the balance of the photon-pair emission between the sources, which can be used to control the amplitude between the components of the output state to prepare variably entangled states. When a maximally entangled state is produced, the maximum visibility can be observed in b and e (94.72%±0.50% for S1 and S3, 96.10%±0.40% for S2 and S3, respectively). It is also worth noting that the phase variations shown in c and f nearly do not change as the balance changes, indicating that the scanned PS has little impact on the resonator-based sources, since changes in the spectra overlap, i.e., resonance shifts between the sources can introduce a relative phase between the two-qubit state, as shown in Fig. S8 . This shows that the electrical and thermal crosstalk are effectively isolated.
V. Two-qutrit correlation space
Generally, for a two-qutrit system, the entangled state can be written as Ψ = (α exp i2ϕpz1 |00 + β exp i2ϕpz2 |11 + γ |22 ).
A complete characterization of the higher-order two-qutrit correlations can be realized by using two three-dimensional multiports (3D-MPs). After each qutrit enters the 3D-MP, the state is transformed by a local unitary transformation (U): (26) The probabilities of detecting a photon pair for different detector combinations are: 3 (e i2ϕ pz1 |00 + e i2ϕ pz2 |11 + |22 ). Figures a to i correspond to detector combinations of (1,2), (1, 4) , (1, 6) , (3, 2) , (3, 4) , (3, 6) , (5, 2) , (5, 4) , and (5,6) respectively, while two relative pump phases ϕpz1 and ϕpz2 are scanned. The normalized measured coincidences (Norm. C.C) (red dots) and simulated results (lines) are compared and show excellent agreement with each other In the experiment, we set α = β = γ = 1 √ 3 and adjust the relative pump phase over S1 and S2 to characterize the high-order Einstein-Podolsky-Rosen (EPR) correlations. All nine output combinations of the coincidences and their respective theoretical results are shown in Fig. S10 . Due to the symmetry of the multi-mode interferometers, three probabilities P ij of equal values are observed. For each pattern, there are three repeated results for each correlation pattern, and the experimental results are in good agreement with the theoretical results.
